0h ‘ilinois U | Abrary 


: y 
uo 4 


Inelastic Behavior of Ductile Members 


Under Dead Loading 


ss 


by 
M. E. Clark 
H. T. Corten 


O. M. Sidebottom 


UNIVERSITY OF ILLINOIS BULLETIN 


One Dollar 


UNIVERSITY OF ILLINOIS BULLETIN 


Volume 52, Number 16; October, 1954. Published seven ti } he Universitvo 
Illinois. Entered as second-class matter December 11, 1912, the Soe or Pe parents a 
under the Act of August 24, 1912, Office of Publication, 207 Administration Building, Urbana, 7 


Inelastic Behavior of Ductile Members 


Under Dead Loading 


by 


M. E. Clark 


ASSISTANT PROFESSOR OF 
THEORETICAL AND APPLIED MECHANICS 


H. T. Corten 


ASSISTANT PROFESSOR OF 
THEORETICAL AND APPLIED MECHANICS 


O. M. Sidebottom 


ASSOCIATE PROFESSOR OF 
THEORETICAL AND APPLIED MECHANICS 


ENGINEERING EXPERIMENT STATION BULLETIN NO. 426 


coal 
S 
a 
x 
i 
pre) 
1 
— 
i 
pte) 
S 
oD 


CONTENTS 


1. INTRODUCTION 


7 
1. Preliminary Statement if 
2. Purpose i 
3. Scope Vf 
4. Acknowledgment 8 
Il. THEORETICAL MOMENT-DEFORMATION RELATIONS 9 
5. Assumptions Made and Method of Approach o 
6. Effect of Shape of Beam on the Moment-Strain Relation 10 
a. Effect of Curvature 10 
b. Effect of Shape of Cross-Section 1 il 
7. Effect of Strain-Hardening on the Moment-Strain Relation Tl 
8. Moment-Deflection Relations 13 
Ill. MATERIALS AND METHOD OF TESTING 14 
9. Materials Used and Types of Loading 14 
10. Test Specimens and Deformation Measurements 14 
11. Properties of the Materials 18 
IV. PRESENTATION AND ANALYSIS OF EXPERIMENTAL DATA 20 
12. Results for Straight Beams Made of Non-Strain- 
Hardening Materials 7a 
13. Results for Straight Beams Made of Strain-Hardening 
Materials PS 
14. Results for Curved Beams 24 
V. DISCUSSION OF RESULTS 28 
15. Heterogeneous Yielding in Mild Steel Members 28 
16. Peculiarities of Dead-Load Testing 29 
a. Experimental Deviation from Fully Plastic Load 29 
b. Time Effects By 
VI. SUMMARY AND CONCLUSIONS iS} 
17. Summary 33 
18. Conclusions 33 
APPENDIX A: Qualitative Analysis of the Non-Homogeneous Time- 
Sensitive Inelastic Behavior of Metals 35 
19. Behavior of Metals on the Atomic Level of Association $5) 
a. Interatomic Forces and Potential Energy 35 
b. Thermal Energy BS) 
c. Inelastic Deformation BY7/ 
20. Behavior of Metals on the Microscopic Level of Association 38 
a. Single Crystals 38 
b. Grain Boundaries 38 
c. Interaction between Grains 38 
APPENDIX B: Moment-Strain Relations for Curved Beams AO 
21. Derivation of the Moment-Strain Relation for a Curved 
Beam of Rectangular Cross-Section 40 
22. Dimensionless Moment-Strain Relations for Curved Beams 
Having Cross-Sections Made up of Rectangular Elements 42 


APPENDIX C: Bibliography 47 


FIGURES 


tre 


2; 


Idealized Tension and Compression Stress-Strain Diagrams 
and the Average Diagram 

Theoretical Dimensionless Moment-Strain Diagrams for 
Curved Beams of Rectangular Cross-Section Showing Effect 
of Beam Curvature 


. Theoretical Dimensionless Moment-Strain Diagrams for 


Straight Beams Showing Effect of Beam Cross-Section 


. Theoretical Dimensionless Moment-Strain Diagrams for 


Curved Beams Showing Effect of Beam Cross-Section 
with the R/c Ratio Constant at 2.00 


. Theoretical Dimensionless Moment-Strain Diagrams for a 


Straight Beam of Rectangular Cross-Section Showing 
Effect of the Strain-Hardening Characteristic a 


. Dead-Load Testing Machine 

. Loading Setup for Straight Beams 

. Loading Setup for Most of the Curved Beams 

. Loading Setup for Pure Bending of Curved Beam IIL 

. Stress-Strain Diagrams for Annealed SAE 1020 Steel 

. Stress-Strain Diagrams for Annealed 0.8 Percent Carbon 


(Rail) Steel 


. Stress-Strain Diagrams for As-Received 24S-T Aluminum Alloy 
. Dimensionless Moment-Deformation Diagrams for Mild Steel 


Straight Beams 1-S and 2-L Having Rectangular Cross-Sections 


. Dimensionless Moment-Deformation Diagrams for Mild Steel 


Straight Beam 6L Having a Circular Cross-Section 


. Dimensionless Moment-Deformation Diagrams for Mild Steel 


Straight Beams 3-S, 4-L, and 5-L Having I-Cross-Sections 


. Dimensionless Moment-Deformation Diagrams for Rail Steel 


Straight Beams 7-S and 8L Having Rectangular Cross-Sections 


. Dimensionless Moment-Deformation Diagrams for Aluminum 


Alloy 24ST Straight Beam 9-L Having a Rectangular Cross-Section 


. Dimensionless Moment-Deformation Diagrams for Mild Steel Curved 


Beams 10-S and 11-L Having Rectangular Cross-Sections. 
R/c Ratio = 1.67 


24 


7s) 


FIGURES (Continued) 


ty: 


20. 


Ziks 


Lae 


Dos 


24. 


Pas). 


26. 


PAE. 


28. 
278 


30. 


Sle 


o2. 
33% 


Dimensionless Moment-Strain Diagram for Mild Steel Curved 
Beams 12-S and 13-L Having I-Cross-Sections and R/c Ratios of 
Approximately 2.00 

Dimensionless Moment-Strain Diagram for Mild Steel Curved 
Beam 14-L with a T-Cross-Section and an R/c Ratio of 1.60 

Dimensionless Moment-Strain Diagram for Rail Steel Curved 
Beam 15-S with a Rectangular Cross-Section and an R/c Ratio 
of 2.11 

Mild Steel Straight Beam with Rectangular Cross-Section Showing 
Strain Levels in a Field of Heterogeneous Yielding 

Strain Distributions in SAE 1030 Steel Beam After 50 Hours 
at M/M,=1.28 

Tapered Mild Steel Tension Specimen Showing the Extent of 
Yielding at Various Dead Loads 

Schematic Diagram of a Beam Depicting Growth of Yield Wedges 
with Time and the Accompanying Changes in Stress Distribution 

Typical Constant Load Time-Deformation Diagrams for Mild 
Steel, Rail Steel, and Aluminum Alloy 25-ST Straight 
Rectangular Beams 

Inelastically Deformed Mild Steel Beam Exhibiting Lueder’s Bands 

Inelastically Deformed Iron Exhibiting Slip Bands in the Grains 

Bragg’s Soap Bubble Model of Atomic Structure Exhibiting 
(a) Vacancies, (b) Grain Boundaries, and (c) Dislocation 

Most Probable Distribution of Thermal Energy among a Large 
Group of Particles 

Rectangular Curved Beam Showing Dimensions, Pure Bending 
Loading, and Free Body Diagram of a Cut Section 

Enlarged Cut-Away Portion of Rectangular Curved Beam 

Sketch of an I-Section Curved Beam 


TABLES 


1. Types and Dimensions of Beams, Methods of Loading, 


and Properties of Materials 


26 


26 


27 


29 


29 


30 


31 


32 


36 
36 


37 


37 


4] 
4] 
43 


7 by the Interne 
ye in 2024 


httos://archive.org/details/university-of-illinois-engineering-experiment-bulletin_ 1 


1. INTRODUCTION 


1. Preliminary Statement 

Since the turn of the century, considerable work 
of both theoretical and experimental nature has 
been undertaken to determine the inelastic behavior 
of load-carrying members in which the stress dis- 
tribution is non-uniform. This interest has arisen 
due to the fact that the maximum utilizable load 
on the member may be appreciably increased by al- 
lowing only a small amount of inelastic deforma- 
tion to occur in the member. A large portion of 
this work has been confined to the inelastic bending 
of beams. The early experimental work was per- 
formed on mild steel beams because of the preva- 
lence of applications and the ease of theoretical 
treatment; however, the results obtained by several 
of these investigators’)? * + *)* led to the conclu- 
sion that the yield point of the mild steel itself was 
raised in the presence of a non-uniform distribution 
of stress. Three of the investigators, G. Cook,” 
F. Nakanishi,?’ and J. L. M. Morrison,“ were 
speaking of the upper yield point in drawing their 
conclusions; however, they found that the lower 
yield point in the beam tests agreed closely with 
that found from standard tension tests. Other in- 
vestigators * * % indicate that in beams in which 
the upper yield point is eliminated, the lower yield 
point is not raised; rather, the increase in load- 
carrying capacity is altogether due to beneficial 
redistribution of stress accompanying the yielding 
_in the member. 

Similar conclusions were substantiated by sev- 
eral more investigators’ #1) who worked with 
materials like aluminum, magnesium, and annealed 
high carbon steel which exhibited strain-hardening 
characteristics throughout the inelastic range. In 
these recent investigations, the experimentally de- 
termined moment-deformation relations were found 
to agree closely with those obtained by a theoreti- 
cal analysis based on the stress-strain relation as 
found from the simple tension test. 


2. Purpose 
In all the investigations mentioned above, the 


results were obtained from tests which were of 


*Parenthesized numbers refer to correspondingly numbered entries in 
the Bibliography. 


relatively short duration. Even though inelastic 
deformation is known to be time dependent, most 
of the tests were conducted in conventional testing 
machines in which it was constantly necessary to 
adjust the head of the testing machine when load- 
ing in the inelastic range. The final deformation 
readings at each load were taken in all the investi- 
gations before a condition of equilibrium between 
time and deformation had been reached. The re- 
sults, therefore, depend upon the duration of the 
test. In actual service the loads are not, in general, 
applied for short periods of time but rather are 
maintained at constant magnitude for extended 
periods of time. 

In the present investigation service conditions 
were simulated by applying dead loads to the 
members for extended periods. To analyze the data 
a comparison was made of theoretical and experi- 
mental relations between a load parameter and 
deformation parameter in which each test load was 
maintained at a constant value until equilibrium 
was reached. The theoretical relations which were 
used in this comparison did not include time as a 
variable and the differences observed were attrib- 
uted to time effects. The purpose of this investiga- 
tion then was to present the experimental data for 
conventional short-time and for long-time dead-load 
tests of various ductile members, to compare theo- 
retical and experimental results, and to attempt to 
explain differences observed between the two types 
of tests. 


3. Scope 

The main body of the bulletin is devoted to the 
presentation and analysis of test data concerning 
the load-carrying capacity of ductile beams as in- 
fluenced by small amounts of inelastic action and 
by method and schedule of loading. These data 
were obtained from conventional tests made in 
serew- or hydraulic-powered testing machines as 
well as special tests made in a constant or dead- 
load testing machine. 

A description is given of a series of tests made 
on straight and curved beams having various cross- 
sections and made from two types of materials. 
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Rectangular, circular, I-, and T-cross-section beams 
were investigated; the materials from which these 
beams were made were strain-hardening materials 
such as a high carbon steel and an aluminum alloy, 
and a non-strain-hardening material for small in- 
elastic strains such as mild steel. The results of 
conventional short-time tests and the special dead- 
load tests are analyzed by comparing the experi- 
mental moment-strain and moment-deflection dia- 
erams with those obtained by the usual theoretical 
considerations. In most instances there was good 
agreement between theory and experiment. The 
exceptions were the test results on the non-strain- 
hardening mild steel straight beams when tested 
under dead loading. For these beams the experi- 
mental moment-deformation diagrams fell appreci- 
ably below the theoretical curves, a fact that was 
attributed to the heterogeneous type of yielding 
which occurs in mild steel material during the 
yield point range of deformation. 

To explain the disagreement between theory and 
experiment for members exhibiting heterogeneous 
yielding, special dead-load tests on tapered tension 
specimens were performed. The difference between 
the conventional lower yield point stress and that 
obtained by these dead-load tests of the tapered 
specimens was found to be sufficient to explain the 
disagreement in the results of the beam tests. 

Although inelastic deformation is known to be 
a time-dependent phenomenon, the analyses used 
in most of the published data have not considered 
time as a variable. In this investigation it was 
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found that the time effects of inelastic deformation 
were made visible or amplified when the members 
were subjected to constant or dead loads. The 
moment-deformation diagrams were found to have 
a stair-step appearance rather than the continuous 
form as usually reported. In some of the tests in 
which inelastic deformation had ceased at a given 
load, a delay of more than 30 min was observed 
before initiation of further inelastic deformation 
at an increased load. Furthermore, the time required 
for inelastic deformation to cease at a given load 
was found to be of several hours duration. 

In Appendix A, a qualitative explanation of the 
observed time-dependent behavior is offered; it is 
based on considerations of the atomic, microscopic, 
and macroscopic levels of association of matter. 
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Il. THEORETICAL MOMENT-DEFORMATION RELATIONS 


This section presents the theoretical relation- 
ships between bending moment and strain in the 
most strained fibers and between bending moment 
and maximum deflection for straight and curved 
beams of various cross-sections. The results of four 
moment-strain derivations are contained herein; 
namely, straight beam relations for rectangular, 
circular, and I-cross-sections and the curved beam 
relation for the rectangular cross-section. The com- 
plete derivation of the moment-strain relation for 
a curved beam of rectangular cross-section is given 
in Appendix B along with the results of similar 
derivations for curved beams having cross-sections 
made up of rectangular elements. 

The theoretical relations will first be presented 
to show the effect of the shape of the member on 
the load-carrying capacity of both straight and 
curved beams. Secondly, the strain-hardening char- 
acteristics of the material and their effects on the 
load-carrying capacity of a beam will be con- 
sidered. 


5. Assumptions Made and Method of Approach 

The theoretical relations presented here are 
based on several assumptions. The material is as- 
sumed to be homogeneous and isotropic with identi- 
cal properties in tension and compression. The 
beams are assumed to be subjected to a pure bend- 
ing loading with the plane of the loading couples 
coinciding with one plane of symmetry of the beam 
~ cross-section. 

It is further assumed that the total strain in 
any fiber of the beam is directly proportional to 
the distance of the fiber from the neutral surface. 
(This neutral surface, while stationary in the 
elastic range, may change in position due to in- 
elastic action.) This assumption that plane sections 
remain plane after bending has been shown to be 
valid, at least statistically, for most solid-type 
cross-sections. However, for curved beams having 
flanged-type cross-sections of certain proportions, 
two investigations’? ' have shown it to be in- 
valid. The further assumption is made that any 
fiber in the beam yields or that inelastic action is 
initiated when the stress in that fiber reaches the 


yield point of the material as determined from the 
conventional tension or compression tests; the jus- 
tification of this assumption is given in Reference 7. 

To facilitate the derivation of the moment- 
strain relation, the stress-strain diagram for the 
material is idealized by two straight lines as indi- 
cated by curve OAB in Fig. 1. The straight line in 
the elastic portion has a slope equal to EH, the 
modulus of elasticity of the material, while the 
slope in the inelastic portion is equal to aH where 
a may be considered to be the strain-hardening 
factor for the material. For many materials the 
stress-strain diagrams for tension and compression 
are not identical and would be represented by two 
idealized curves as shown in Fig. 1. In order to 
construct the moment-strain diagram within reason- 
able mits of accuracy, the average of these two 
curves, such as curve OAB, can be used for the 
idealization. For beams of rectangular cross-section, 
calculations indicate that for a 20 percent differ- 
ence in yield strengths in tension and compression 
and a, equal to az, the error in the moment based 
on the average stress-strain diagram is less than 
2 percent. 

The theoretical moment-strain relations are ob- 
tained from the application of the basic equations 
of equilibrium to a free body diagram of a section 
of the loaded beam. The first of the two equations 
can be written 


[oda =0 (1) 


and states that the algebraic sum of all the resist- 
ing forces acting on the cut section of the cross- 
section must be equal to zero. This equation is 
used to locate the neutral axis of the beam. The 
second equilibrium equation can be written 


J da)y = M (2) 


and states that the algebraic sum of all the mo- 
ments of the external forces about any axis is equal 
to the resisting moment of the internal forces on 
the cut section about the same axis. The integral in 
Eq. 2 is evaluated by using the idealized stress- 
strain diagrams and the assumption concerning 
plane sections of the beam remaining plane after 


10 ILLINOIS ENGINEERING EXPERIMENT STATION 


Compression 


Slope Ape <F averace 
r=) 


Tension 


Strain € 


Fig. 1. Idealized Tension and Compression Stress- 
Strain Diagrams and the Average Diagram 


bending. The equation which results is the moment- 
strain relation. 


6. Effect of Shape of Beam on the Moment-Strain 
Relation 


The effect of shape of beam includes both the 
effect of curvature of the beam as well as the 


3.0 


effect of shape of the cross-section of the beam. 
The moment-strain relations that are presented to 
show the effect of shape were derived for a material 
with a flat-topped stress-strain diagram, 1e., one 
with a definite yield point (% = 0 in Fig. 1). 

a. Effect of Curvature. The effect of curvature 
of the beam will first be considered by presenting 
the results of several moment-strain relation deri- 
vations. Morkovin and Sidebottom™ have derived 
the dimensionless moment-strain relation for a 
straight beam of rectangular cross-section. The ex- 
pression can be written as follows 


Mea (3) 
M, 2 20” 
in which » = ¢,/ee, M,. is the maximum elastic re- 
sisting moment corresponding to a strain ee in the 
most strained fibers, and /M is the resisting moment 
corresponding to an inelastic strain e, in the most 
strained fibers of the beam. 

The relation that corresponds to this equation 
for a beam of some definite curvature becomes 
more complicated since the stress distribution is 
not symmetrical with respect to the neutral axis 
and also since the neutral axis shifts with inelastic 
deformation. The derivation of the moment-strain 
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Fig. 2. Theoretical Dimensionless Moment-Strain Diagrams for Curved Beams of Rectangular 
Cross-Section Showing Effect of Beam Curvature 


Bul. 426. 


relation for a curved beam of rectangular cross- 
section is given in Appendix B. Two equations 
result from this derivation, one to locate the neutral 
axis and one to give the moment-strain relation, 
as follows: 


ib Ne il 2 
x +4 t+ inf ——*/\=0 @) 
+ — : ib aye 
Ny wn 


Ee 


M ae oe N GT 
M, at D oui / / a. 2 
GR.) 6 (er! 4 4’) 2. (1 vf =) 
Ny 
1 3ny” — 2Ne 
2h 49 = 2(1 — mn)? 
ny 
ny 
1+ SC ] 
= in (5) 


1 — ng 


In these expressions n, equals ¢,/R, and nz equals 
Co/R, where c, and cy are distances from the 
neutral axis to inner and outer fibers of the beam 
for a given inelastic condition (see Fig. 32 in Ap- 
pendix B) and R, and Ry, are the corresponding 
radii to inner and outer fibers of the beam. Ry,q and 
R refer to the radius of curvature to the neutral 
axis and the centroid of the cross-section respec- 
tively. The prime on the symbol makes it refer to 
the elastic condition. Equations 4 and 5 are valid 
for a beam that yields only on the side containing 
the most strained fibers. The expressions for yield- 
ing on both sides of the beam are given in Appen- 
dix. 

The effect of curvature of the beam on the 
“moment-strain relation is shown graphically in 
Fig. 2 for beams having rectangular cross-sections. 
The curves indicate that there is an increase in 
load-carrying capacity (i.e., the percentage in- 
crease in load above the elastic limit necessary to 
produce a given strain in the most strained fibers) 
when there is an increase in the curvature of the 
beam. 

b. Effect of Shape of Cross-Section. The shape 
of the cross-section also has a decided influence on 
the increase in load-carrying capacity of a beam 
resulting from a given inelastic deformation. In 
addition to beams having rectangular cross-sec- 


tions, relations have been derived for straight 
and curved beams with circular and_ I[-cross- 


sections. The dimensionless moment-strain relation 
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for a straight beam of circular cross-section as 
derived by Morkovin and Sidebottom™ is: 


M Lee 1\3 3 
Meat oa hat | lauenes) 

i 

mt (6) 
Two expressions were derived for a straight beam 


with an I-cross-section. The first equation can be 
written 


M fan 1 (3 1 
M. 1 = Beso Ape 9 Qn? 


HBS Amat) } (7) 


and is valid for yielding confined to the flanges of 
the beam. The second equation is 


M 1 
M 1-—8B3+ AB 


(Poe pee Ai ee 
19 (1 B? + AB?) an? | 


(8) 


which is valid when yielding penetrates through 
the flanges into the web. In Equations 7 and 8, 
A is the ratio of the thickness of the web to width 
of flange, and B is the ratio of the depth of the 
beam to the distance between the inner faces of 
the flanges. 

The effect of beam cross-section on the moment- 
strain relation for straight beams is shown graph- 
ically in Fig. 3. It should be noted that the I-beam, 
which was designed to have the greatest elastic 
flexural strength for a given weight of material, has 
the smallest increase in load-carrying capacity 
resulting from inelastic deformation. 

Since several rather complex equations are re- 
quired to construct the dimensionless moment- 
strain diagrams for curved beams with I- and 
T-cross-sections, these equations are listed in Ap- 
pendix B. The effect of beam cross-section on the 
moment-strain relations for curved beams is shown 
graphically in Fig. 4. 


7. Effect of Strain-Hardening on the Moment-Strain 

Relation 

The dimensionless moment-strain — relations 
which are plotted in Figs. 2, 3, and 4 were derived 
for a material such as mild steel which does not 
exhibit any strain-hardening for small inelastic 
strains. 

If the material strain-hardens, the straight line 
AB in Fig. 1 has a slope oH where a may be con- 
sidered as a strain-hardening factor. The moment- 
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strain relation and, hence, the load-carrying This equation states that the moment ratio for a 


t=} 
capacity for a given beam is greatly influenced by 


the magnitude of a. A convenient method for intro- 
ducing the strain-hardening effect into the moment- 
strain relations, developed on the assumption of 
no strain-hardening effect, is by means of the 
following equation: 


en Melt “Pe ]_} © 


particular value of the strain ratio ’ = é,/ee and 
for any value of a is equal to the moment ratio 
for an w equal to zero plus the difference between 
the strain ratio X and the moment ratio for an a 
equal to zero mulitplied by the value of a for the 
material beg considered. Equation 9 is exact for 
straight beams having cross-sections with two prin- 
cipal axes of symmetry. The equation is only 
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approximate for curved beams since the neutral 
axis shifts with the inelastic deformation; however, 
the error is small (less than 5 percent) for all 
cases that have been investigated. The effect of 
strain-hardening on the dimensionless moment- 
strain relation for a straight beam of rectangular 
cross-section is shown graphically in Fig. 5. 


8. Moment-Deflection Relations 

In order to determine the deflection of a beam, 
it is necessary to determine the curvature at each 
section along the length of the beam. The curva- 
ture is proportional to the difference in strain in the 
most strained tension and compression fibers of the 
beam for either elastic or inelastic conditions. If 
the stress-strain diagrams of the material are the 
same for tension and compression, the curvature of 


the beam is proportional to the strain in the most 
strained tension or compression fibers for those 
cross-sections with two planes of symmetry. For 
this ease the deflection of a statically determinate 
beam, which has been loaded beyond the elastic 
limit, can be obtained by the use of the moment- 
strain diagram with the procedure as outlined by 
Timoshenko. “*? 

If a beam with the above limitations is sub- 


jected to pure bending, the moment-deflection 
diagram is identical with the moment-strain 
diagram, 1.e., 

A €1 

— =— =} 10 

eee (10) 


where A is the maximum deflection of the beam 
and A, is the maximum elastic value of A. 


I1l. MATERIALS AND METHOD OF TESTING 


9. Materials Used and Types of Loading 

To investigate experimentally the load-carrying 
capacity of straight and curved beams, tests were 
conducted on members made from two different 
types of materials under two different types of 
loading. The two types of materials investigated 
were (a) those that exhibit no strain-hardening 
characteristics at small inelastic strains and (b) 
those that do exhibit strain-hardening character- 
istics. Tests were made on these two types of 
materials since the strain-hardening characteristics 
have a decided influence on the time-sensitive 
inelastic behavior under load. 

Mild steels from three different sources, with 
carbon content of approximately 0.2 percent, were 
chosen as representative of materials that do not 
strain-harden since these materials were found to 
have a definite yield point in the standard tension 
test. Material from the three different sources was 
investigated so that the observed behavior could 
not be attributed to any one heat of steel. A rail 
steel with a carbon content of approximately 0.8 
percent and aluminum alloy 248-T were taken to 
represent those materials that strain-harden from 
the onset of inelastic deformation. All of the steels 
were tested in the annealed condition. 

One series of tests was conducted in the con- 
ventional screw-powered testing machine, each test 
being completed in a matter of several hours. 
Another series of tests was conducted in a dead- 
load testing machine where each test was continued 
over a period of several days, any particular load 
in the inelastic range being sustained until all 
inelastic deformation had apparently ceased. In 
the series of short-time tests in conventional testing 
machines, the load was applied in inerements, and 
readings of load and deformation were taken im- 
mediately after application of the load. At loads 
which produced inelastic strains, the load was not 
maintained at a constant value until equilibrium 
was reached. In fact, for the larger loads, inelastic 
deformation continued to take place while the 
readings were being taken, even though the load 
was continually decreasing due to the inelastic 
deformation. 


In the series of long-time tests, the beams were 
loaded in the dead-load testing machine pictured 
in Fig. 6. By means of the weights shown, any 
increment of dead load could be applied directly 
to the beam specimen. The testing procedure in 
these tests was as follows: Several loads were ap- 
plied which resulted in elastic response, so that the 
elastic behavior of the beam was obtained. For 
inelastic load applications, the nuts on the safety 
rods were first adjusted so that any additional load 
was carried by these rods. Then the proper load 
increment was applied by adding weights on the 
load rig, and the nuts on the safety rods were 
loosened. In this manner the increment of load was 
applied to the beam during the time interval nec- 
essary to loosen the safey rod nuts, a period of 
some 5 to 30 see depending on the magnitude of 
the load increment. A large spring was also in- 
corporated into the rig where the main loading rod 
was attached to the weights in order to further 
insure a smooth application of the load. Deforma- 
tion readings were taken immediately upon the 
application of each increment of load and at inter- 
vals of time until inelastic deformation ceased at 
that load. Usually the inelastic deformation at a 
given load ceased after 6 hr, but observations were 
continued and another increment was not applied 
until 12 to 72 hr had elapsed. 


10. Test Specimens and Deformation Measurements 
Tests on non-strain-hardening materials in- 
cluded mild steel straight beams of rectangular, 
circular, and I-cross-sections and mild steel curved 
beams with rectangular, I-, and T-cross-sections. 
Tests made on strain-hardening materials included 
straight and curved rail steel beams and a straight 
beam of 24S-T aluminum alloy, all having rectan- 
gular cross-sections. These beams are all listed in 
Table 1 along with other pertinent information 
which is explained hereafter. Numbers 1 through 9 
designate straight beams and 10 through 15 curved 
beams. The letter following the beam number refers 
to the type of testing machine used, § designating 
the short-time test in a screw-powered machine 
and L the long-time test in the dead-load machine. 
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Fig, 6. Dead-load Testing Machine 
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Table 1 
Types and Dimensions of Beams, Methods of Loading, and Properties of Materials 


StrAIGHT BEAMS 


- S 9-L 
Beam Designation 1-S 2-L 3-S 4-L & 5-L 6-L 7-S & 8L 
esr ee ei ES, pe ca 120't~ O a r 
Cross-Sectional Ke a ae ri S al yf =~ 8 = 
Dimensions 5 Ss : oe we a S 
ay oh Sy “ a 2 Sy 
me a — = = 
Beam 1, in. 46 38.31 4 = a ze ay 
aa een 48 15.31 46 13.5 13.5 10.75 11 


Type of Loading 


Pure Bending 


Pure Bending 


Pure Bending 


Pure Bending 


Pure Bending 


Pure Bending 


Pure Bending 


Screw-Powered 


Type of Machine Screw-Powered Dead-Load Screw-Powered Dead-Load Dead-Load Short-Time Dead-Load 
Length of Test Short-Time Long-Time Short-Time Long-Time Long-Time Dead-Load Long-Time 
Long-Time 
teri i SAE Mild Steel Annealed Annealed Annealed Aluminum 
bao ra ee esa Sted 2 se Mild Steel Mild Steel Rail Steel Alloy 24S8-T 
i 4 i 27 ,700 28,100 27,700 28,400 30,100 38,400 47 ,500 
aoe hon ey infin: .00092 . 00094 some eee ae % eld pees 
Material «a 0 0 ¥ -08 
: : feond +6.5 +4.0 SEtiyers) +5.9 +3.2 
a ae iG 8 8 12 6 10 
Curvep BEAMS 
Beam Designation 11-L 12-8 13-L 14-L 15-S 


Cross-Sectional 
Dimensions 


a 


| 194" fe 
Center of GOS, 


Type of Loading 


Moment & Direct 


Pure Bending 


Moment & Direct Moment & Direct Moment & Direct Moment & Direct 


Load Load Load Load oad 

d, in. 10 4.5 4.09 6.83 11.83 

R/c Ratio 1.67 1.67 2.0 2.04 1.60 2.11 
Type of Machine Serew-Powered Dead-Load Screw-Powered Dead-Load Dead-Load Screw-Powered 


Length of Test 


Short-Time 


Long-Time 


Short-Time 


Long-Time 


Long-Time 


Short-Time 


Material Annealed Annealed Mild Steel Annealed Mild Steel Rail Steel 
Mild Steel Mild Steel Mild Steel 
Properties ae, psi 32,000 34,600 28,400 28,400 24,500 54,000 
of the €¢, 10./1D. 00112 00115 00096 00096 . 00083 .00183 
Material a 0 0 0 0 .035 .0733 
Age, % eee algar/ Ms wis ay Fok 
N 3 6 2 2 2 = 


All straight beams were subjected to two-point 
loading such as that shown in Fig. 7. This loading 
arrangement gave a test section of constant bending 
moment over the central portion of the beam of 
length a. The deflection was measured over the 
length of beam designated by b. The dimensions a 
and b as shown in Fig. 7 are listed in Table 1 for 
all straight beams. All of the curved beams except 
Beam 11L were loaded as shown in Fig. 8, the test 
section being subjected to a combination of bending 


moment and direct load. The moment arm, dimen- 
sion d in Fig. 8, is listed for each beam in Table 1. 
This dimension, in all cases, was large enough so 
that the direct stress for elastic conditions was less 
than 10 percent of the maximum bending stress. 
Beam 11L was subjected to a constant bending 
moment over the major portion of the beam by the 
loading arrangement shown in Fig. 9. 

The deformation of each beam was obtained 
both by measuring the strains at various positions 


ee ae 
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across the depth of the test section and by meas- 
uring the deflection of the beam. The strains were 
measured by wire-type electrical resistance (SR-4) 
strain gages of various gage lengths. The deflection 
measurements were so taken as to check the read- 
ings of the SR-4 strain gages since there was some 
question as to the reliability of such gages held at 
large strains for extended periods of time. The test 
data indicate good agreement between the two 


Fig: 7. 


Loading Setup for Straight Beams 


methods of measurement; therefore it could be con- 
cluded that the cement bond between strain gage 
and specimen did not creep appreciably under 
sustained high strains. 

The theoretical relations presented in Chapter II 
are based on the assumption that the strain distri- 
bution in the beam varies linearly across the depth 
of the beam. Although the heterogeneous yielding 
which occurs in mild steel does not warrant this 
assumption, previous investigations” indicate that 
the strain distribution in the beam does remain 
linear when the strains are measured over gage 
length sufficiently long to give a statistical average. 
In view of this, the gage lengths of the SR-4 gages 
were so chosen as to measure an average strain. 
The average strains in all the mild steel beams 
subjected to dead loading were measured by type 
A-9 gages having a gage length of 6 in. An investi- 
gation of the heterogeneous nature of the yielding 
in mild steel was made using type A-18 and A-7 
“gages with gage lengths of ¥ and 14 in. respec- 
tively on Beam 2L. The results of this investigation 
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Fig. 8. Loading Setup for Most of the Curved Beams 


are given in Chapter IV. For Beams 1S and 38,? 
tested in a screw-powered machine, the average 
strains were measured by 1-in. gage length type 
A-11 SR-4 gages and checked by a special C-type 
gage having a 4-in. gage length. 

For the rail steel and aluminum alloy straight 
beams, type A-11 SR-4 gages were used to measure 
the average strains in the most stressed fibers. 
Gages with shorter lengths were used to confirm the 
homogeneous nature of yielding in these materials. 
The average strains in the most stressed fibers of 
the curved beams were measured by type A-11 
gages having the l-in. gage length. Shorter length 
gages were used to check the strain distributions 
against the assumptions made in the theoretical 
derivations. 


Fig. 9. Loading Setup for Pure Bending of Curved Beam IIL 
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The deflections of all beams, both straight and 
curved, were measured by a pair of 0.0001-in. dial 
gages, one mounted on either side of the beam in 
order to obtain an average reading. This arrange- 
ment was also used to detect the presence of un- 
symmetrical bending in the specimen. For fue 
straight beams the deflection was measured over a 
length, represented by dimension b in Fig. 7, which 
was a little greater than the length of the constant 
moment section of the beam. The dimension 06 is 
listed in Table 1 for all beams. The deflection of 
the curved beams was measured on a diameter at 
the centroidal surface of the beam. 


11. Properties of the Materials 

The properties of the materials which were re- 
quired for an analysis of the experimental results 
are embodied in the shape of the stress-strain dia- 
gram in tension and compression for a range of 
strain up to 10 or 15 times the maximum elastic 
strain. To obtain these diagrams, tension and com- 
pression specimens were machined from the same 
bars of material from which the corresponding 
beam specimen was machined. The tension 
specimens were standard 1%-in. diam round speci- 
mens having a 2-in. gage length for strain meas- 
urements, and the compression specimens were 
standard %4-in. diam round specimens with a 1-in. 
gage length. Strains were measured by mechanical 
gages, and conventional testing procedures were fol- 
lowed in all the tests. 

The data in these stress-strain diagrams were 
observed to have appreciable scatter. In view of 
this, additional diagrams were obtained from speci- 
mens taken from material as near as possible to the 
test section of the beam specimen. This was accom- 
plished by cutting specimens from the portions of 
the beam specimen that had not been inelastically 
deformed. In some instances the variation of prop- 
erties across the width and depth of the beam 
specimen was found by cutting rectangular tension 
specimens from the beam at various positions. 
These specimens had a cross-section 34-in. wide 
and 14-in. thick, The strains were measured using 
the same 2-in. extensometer as was employed in 
the standard tension tests. Self-aligning Templin 
grips were used to pull the specimens in tension, 

All of the stress-strain diagrams in tension and 
compression obtained for the material used in mild 
steel Beam 2L are plotted in Fig. 10. The scatter 
of the data is evident, and these diagrams are typi- 
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Fig. 10. Stress-Strain Diagrams for Annealed SAE 1020 Steel 


cal of the other two mild steels which were investi- 
gated. The stress-strain diagrams in tension and 
compression for the material used in rail steel Beam 
8L are shown in Fig. 11, and for the aluminum alloy 
material used in Beam 9L in Fig. 12. The strain- 
hardening characteristics of these two materials at 
small inelastic strains are evident in the diagrams. 

As was discussed in Chapter II, the theoretical 
moment-strain relation is based on the assumption 
that the stress-strain relation can be represented 
by two straight lines as indicated in Fig. 1. In 
Figs. 10, 11, and 12 the idealized or average stress- 
strain diagrams are shown by the solid lines. The 
intersection of the two straight lines determines the 
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Fig. 11. Stress-Strain Diagrams for Annealed 


0.8 Percent Carbon (Rail) Steel 
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Fig. 12. Stress-Strain Diagrams for As- 
Received 24S-T Aluminum Alloy 
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magnitude of the yield stress ¢, and the yield strain 
ee. The slope of the line through the inelastic region 
gives ef from which the strain-hardening factor a 
can be determined. It was also mentioned in Chap- 
ter II that the theoretical relations were derived on 
the assumption of identical properties in tension 
and compression. Although this assumption is not 
valid for the aluminum alloy, the average stress- 
strain diagram was found to introduce a very small 
error in constructing the theoretical moment-defor- 
mation diagrams. 

In Table 1 the quantities o,, ee, and a are listed 
for the materials used in making the beam speci- 
mens. An indication of the variation of the stress- 
strain properties is given by the quantity Ao, which 
is the range of variation of the yield stress obtained 
from the various specimens in both tension and 
compression; NV is the number of tension and com- 
pression specimens tested for the material. 


IV. PRESENTATION AND ANALYSIS OF EXPERIMENTAL DATA 


In Chapter II theoretical dimensionless moment- 
deformation relations (Eq. 1 through 10) were pre- 
sented for straight and curved beams of various 
cross-sections. In order to determine the validity of 
these theoretical relations, tests were conducted on 
straight and curved beams having various cross- 
sections and made of various materials. In the fol- 
lowing sections, comparisons will be made between 
the theoretical relations and test data obtained 


Theoretical Curve 


from dead-load tests and, in most cases, short-time 
tests. 

Inelastic deformation is known to be a time-de- 
pendent phenomenon; however, most of the investi- 
gators who have reported data obtained from 
short-time tests have not included this variable in 
the analysis of their results. The testing under dead 
loads accentuated the time effects, and the test re- 
sults exhibit peculiarities which have not been de- 
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Fig. 13. Dimensionless Moment-Deformation Diagrams for Mild Steel Straight Beams 
1-S and 2-L Having Rectangular Cross-Sections 
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Fig. 14. Dimensionless Moment-Deformation Diagrams for Mild Steel Straight Beam 6-L Having a Circular Cross-Section 


scribed fully in the literature. These peculiarities 
will be discussed following the presentation of 
the data. 


12. Results for Straight Beams Made of Non-Strain- 

Hardening Materials 

One rectangular section beam, one circular sec- 
tion beam, and two I-section beams all made from 
mild steels having definite yield points were sub- 
jected to dead-load tests. The theoretical dimen- 
sionless moment-strain curves for these beams are 
shown in the lower graphs in Figs. 13, 14, and 15, 
and the theoretical curves are represented by the 
solid lines. The curve as plotted in Fig. 13 for the 
rectangular section beam was obtained using Eq. 3. 
In Fig. 14, Eq. 6 was used to obtain the curve for 


the mild steel beam of circular cross-section, and 
Fig. 15 shows the curves obtained for the I-section 
beam using Eqs. 7 and 8 when constants A and B 
have values of 0.166 and 1.336, respectively. 

The theoretical dimensionless moment-deflection 
curves, shown in the upper graphs in Figs. 18, 14, 
and 15, were obtained by assuming that A/Ae was 
equal to ¢,/ee; therefore these curves are identical 
with the theoretical moment-strain curves. This as- 
sumption is valid only in case the deflection is com- 
puted for a length of the beam subjected to a con- 
stant moment section. As indicated in Fig. 7 and 
listed in Table 1, the length b over which the de- 
flection was measured was slightly longer than the 
constant moment section a; however, the above as- 
sumption introduced an error in each case of less 
than 1 percent. 


22 


ILLINOIS ENGINEERING EXPERIMENT STATION 


4 


Theoretical Curve 
Dead Load Test Results 


—--o0 


10.2 (Ave) 


OTA ae 


i 


is 


Loading Setup 


F 


SS 


Theoretical Curve 


a Conventional Test Results 


===9 Dead Load Test Results ——\ 


& 
Fe 


To = = 9.90 (Ave) 


L 


l 


Loading Setup 


Fig. 15. Dimensionless Moment-Deformation Diagrams for Mild Steel Straight Beams 3-S, 4-L, and 5-L Having I-Cross-Sections 


In all of the beam tests strain in the extreme 
fibers and deflection of the central portion of the 
beam were measured at each of the various incre- 
ments of load. For dead-load testing, these readings, 
at loads which produced inelastic deformation, were 
taken immediately after the load was applied and 
at various intervals until deformation ceased. For 
ach load the bending moment was calculated and 
divided by the maximum elastic moment, M,, and 
the strain and deflection for the beginning and end 
of each deformation period were divided by e, and 
A., respectively, the maximum elastic strain and de- 
flection. In Figs. 13, 14, and 15 these dead-load test 
points for the various beams are plotted as solid 
and open circles and are connected by dashed lines. 

As previously stated, tests were also made on 
beams in the conventional screw-powered or hy- 
draulie testing machine where the tests were com- 
pleted in a relatively short period of time. For com- 
parison with the theoretical curves and the results 
from the dead-load tests, moment-strain data are 
also shown in Figs. 18 and 15 for beams of ree- 
tangular and I-cross-sections obtained from the 
conventional method of testing. These data are 


plotted as open triangles and are typical of those 
reported by other investigators.“ ™? 

The experimental moment-deformation data 
usually reported for these short-time tests follows 
a continuous curve and either checks the theoreti- 
cal curve or is found to lie above it. In contrast to 
these results, the diagrams for the dead-load tests 
were found not to be continuous but to have a stair- 
step appearance. As shown in Figs. 13, 14, and 15 
the dead-load test points fell considerably below 
the theoretical curves for the larger values of in- 
elastic strain. Equations 38, 6, and 8 indicate that 
the theoretical curves have a horizontal asymptote 
for large inelastic strains. The resisting moment 
corresponding to this asymptote is generally re- 
ferred to as the fully plastic moment or the moment 
corresponding to a plastic hinge. In Figs. 13, 14, 
and 15 this fully plastic moment is shown as the 
sold horizontal line. The uppermost horizontal 
dashed line for each of the experimental curves 
represents the experimentally-determined hinge 
moment, 1.e., the moment at which excessive defor- 
mation oceurs at constant load. The numbers at 
the ends of these lines give the magnitude of the 
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strain and deflection ratio when yielding had ceased 
at the experimental hinge moment. 

Consider the dead-load test data in terms of the 
difference between the maximum plastic and elastic 
moments. Theoretically these differences should be 
0.70M/M., 0.50M/M-., and 0.23M/M,. for beams 
of circular, rectangular, and I-cross-sections, re- 
spectively. The corresponding difference between 
the experimental hinge values and the elastic mo- 
ments were found to be 0.52M/M,, 0.33M/M,, and 
0.16M/M, or only 74, 66, and 70 percent of the 
theoretical values. In contrast to the dead-load test 
data, the data obtained from short time tests have 
been found to check the theoretical values very 
closely. Since many service applications involve 
constant loads of long duration, it would seem 
necessary to account for the differences observed. 


Theoretical Curve 
—~—~e Dead Load Jest Results 
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This reduction can be explained by considering the 
non-homogeneous nature of yielding in mild steel 
members; the information is presented in Seec- 
tion 15, and Appendix A. 


13. Results for Straight Beams Made of Strain- 
Hardening Materials 


Only beams of rectangular cross-section were 
tested in the investigation of materials which 
strain-harden. Annealed rail steel (carbon content— 
approximately 0.8 percent) and 248-T aluminum 
alloy were the materials used in making the beams. 
The test results are shown for rail steel beams 
7-S and 8-L in Fig. 16 and for aluminum alloy 
beam 9-L in Fig. 17. The theoretical dimensionless 
moment-strain curves for the beams were obtained 
using Eqs. 3 and 9 with a equal to 0.081 for the 
rail steel and 0.085 for the aluminum alloy. Follow- 
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Fig. 16. Dimensionless Moment-Deformation Diagrams for Rail Steel Straight Beams 
, 7-S and 8-L Having Rectangular Cross-Sections 
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Fig. 17. Dimensionless Moment-Deformation Diagrams for Aluminum Alloy 24ST Straight Beam 
9-L Having a Rectangular Cross-Section 


ing the method as outlined in Section 8, the idealized 
average diagram was used in plotting the theoretical 
moment-strain curve for the aluminum alloy. As 
was done for the mild steel beams, the moment- 
deflection curves were obtained by setting «,/e, 
equal to A/A,. The experimental moment-defor- 
mation data for the dead-load tests of these two 
strain-hardening materials are plotted in Figs. 16 
and 17 as solid circles joined by dashed lines. In 
contrast to the mild steel beams the test points for 
these beams were found to le either on or above 
the theoretical curves. The data for the rail steel 
beam exhibited the same stair-step appearance as 
did the mild steel beams, but the diagrams for the 
aluminum alloy beam almost 


were continuous 


curves. In all the steel beam tests any additional 
load increment resulted in elastic response before 
the inelastic deformation took place. In the alum- 
inum alloy beam test the additional load caused 
immediate deformation in which the elastic and 
plastic components could not be distinguished in 
the loading phase. 
14. Results for Curved Beams 

Three curved beams, one each of rectangular, I-, 
and ‘T-cross-sections, were subjected to dead-load 
testing. The results for these beams are shown in 
Figs. 18, 19, and 20. The theoretical dimensionless 
moment-strain curve for the beam of rectangular 
cross-section, shown as the solid line in Fig. 18, 
was obtained using Eqs. 4 and 5 for yielding at 
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Fig. 18. Dimensionless Moment-Deformation Diagrams for Mild Steel Curved Beams 
10-S and 11-L Having Rectangular Cross-Sections. R/c Ratio = 1.67 
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Fig. 20. Dimensionless Moment-Strain Diagram for Mild Steel Curved Beam 14-L 
with a T-Cross-Section and an R/c Ratio of 1.60 
intrados only and Eqs. 36 and 37 wit = ee ees! . 
ntrados only ¢ s. 36 and 37 with b; = b, (see composing the T-cross-section beam was found to 


Appendix B) for yielding at intrados and extrados. 
The curve for the I-beam was obtained by using 
Eqs. 32 through 43 in Appendix B. The material 


strain-harden in the tension tests; therefore, the 
theoretical curve was obtained using the same 
equations as for the I-beam along with Kq. 9. 
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Fig. 21. Dimensionless Moment-Strain Diagram for Rail Steel Curved Beam 15-S 
with a Rectangular Cross-Section and an R/c Ratio of 2.11 


Although Eq. 9 is not exact for curved beams, the 
error involved in using it is small since a was very 
small for this material. 

The theoretical dimensionless moment-deflection 
curve for the rectangular section beam was obtained 
by replacing «/ee by A/Ac, where A, is the maxi- 
mum elastic deflection.“’®) This relation is only ap- 
proximate because yielding at the intrados results 
in a shift of the neutral axis away from the most 
strained fiber. Even though the computation for «¢ 

has taken into account the shift of the neutral axis, 

the above replacement would be valid only if the 
neutral axis did not shift. For a given «, the com- 
puted deflection varies inversely with the distance 
from the intrados to the neutral axis; hence, the 
moment-deflection relation errs on the conservative 
side. 

The experimental moment-deformation data for 
the dead-load tests of the curved beams are shown 
in the various figures as solid circles joined by 
dashed lines. Data“’ * are also shown for short- 
time tests of the rectangular and I-cross-section 
beams by the open triangles in Figs. 18 and 19. 
Examination of the dead-load test data show the 
same characteristic stair-step curves as for the 
straight steel beams. The test data correlate well 


with the theoretical curves for the rectangular sec- 
tion beam but are somewhat erratic for the tests of 
the flanged section beams. Because of the complex- 
ity of action that takes place in flange-type curve 
beams, it was not expected that the test data would 
check the theory; even the elastic solution” 1) is 
somewhat empirical in nature. The strains in the 
most strained fibers varied in magnitude across the 
flange. However, using the average of the strain 
readings taken across the flange for the value of 
e, in the «/e, ratio, the data in Figs. 19 and 20 
were found to follow the general trend of the theo- 
retical curve. 

An annealed rail steel curved beam with rec- 
tangular cross section was tested in a screw-pow- 
ered testing machine (short-time test). The test 
data for this beam are plotted in Fig. 21. The theo- 
retical curve was plotted by using Eqs. 4, 5, and 9. 
The results indicate excellent agreement between 
theory and experiment. Since time effects were 
found to be less pronounced for curved than for 
straight beams and since the straim-hardening ma- 
terials are less time-sensitive, dead-load testing 
of curved beams of strain-hardening materials was 
not undertaken. 


V. DISCUSSION OF RESULTS 


15. Heterogeneous Yielding in Mild Steel Members 
As is well known, the inelastic deformation in 
mild steel members is non-homogeneous.‘” *% 7° ?% 
22,28) On polished surfaces this non-homogeneity. 
can be seen in the form of yield wedges, usually 
called Lueder’s bands or lines. The material within 
the boundaries of the Lueder’s bands may be 
strained to a value several times the yield strain, 
while at the same time the strain in the adjacent 
surrounding material may have a value lower than 
the yield strain. To illustrate the foregoing, a short- 
time test was conducted using a straight beam of 
rectangular cross-section made from a mild steel 
material. Strains were measured at various loca- 
tions over the constant moment section (see Fig. 22) 
using SR-4 strain gages having 4- and 14-1. 
gage lengths. In Fig. 22 the Lueder’s bands have 
been painted in order to make them more discern- 
able, and the SR-4 gages have been removed except 
for that section containing the strain-measuring 
element. It will be noted that some of the gages 
were located in regions of elastic material while 
others had yield wedges under part or most of the 
strain-measuring element. The number beside each 
gage gives the strain reading in thousand micro- 
inches per inch at a post-yield moment of 1.41 Me. 
Three of the four gages on the top of the beam 
were still measuring elastic strains at this load. All 
three gages gave nearly identical readings even 
though one gage was located on an island of elastic 
material completely surrounded by yielded ma- 
terial. Since the yield strain, as found from tension 
specimens cut from the beam following the test, 
was approximately 900 micro-inches per inch, the 
strains in these gages indicated that an upper yield 
point stress was present in the most strained fibers 
that remained elastic. Since the yield wedges had 
penetrated to or slightly beyond one-quarter of the 
depth of the beam at its top and bottom, the strain 
at this depth might be expected to equal the yield 
strain; however, the gages on the unyielded regions 
at this depth indicate somewhat lower strains, The 
magnitude of the strain indicated by the gages 
partly covering yield wedges was greater than the 
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yield strain; the larger strains were observed for 
those gages with the largest percentage of area 
covered by the yield wedges. 

In Figs. 22 and 27, the directions of the Lueder’s 
bands are seen to follow the paths of maximum 
shearing stress. For a uni-axial state of stress (such 
as that which occurs in a straight beam subjected 
to pure bending) there are an infinite number of 
planes making angles of 45° to the normal stress. 
Since the beam problem is not a true plane stress 
problem as assumed in the theory, a small trans- 
verse stress of the same sign as the normal stress 
accompanies the normal stress; therefore, the 
planes of maximum shearing stress will intersect 
the neutral surface at an angle of 45 deg. As indi- 
cated in Figs. 22 and 27 and as observed in the 
other beam tests, the Lueder’s bands on the tension 
side of the beam did follow these planes. However, 
the Lueder’s bands on the compression side of the 
beam were found to follow many other planes 
making angles of 45 deg to the normal stress. 

To further illustrate the heterogeneity of yield- 
ing, thirty-two 1%4-in. and eight 14-in. gage length 
SR-4 gages were bonded to the mild steel beam of 
rectangular cross-section which was subjected to 
the dead-load test. The locations of these gages 
are shown schematically for one side of the beam in 
Fig. 23. The strain distribution for the two sides 
of the beam at each location are shown for each of 
five test sections. The strains plotted are those 
which were measured just before applying the load 
which caused the experimental hinge moment for 
this beam. It will be noted in Fig. 23 that there are 
eight Yg-in. and two 14-in. gages at each of the 
four depths investigated which combined give a 
total gage length of 1.5 in. The average strain at 
each depth was obtained and plotted at each sec- 
tion as a solid line so that a comparison could be 
made between these averages and the strains meas- 
ured with the shorter gage lengths. Three of the four 
average points are seen to fall on a straight line, 
whereas the individual gages indicate the non- 
uniformity of the straining. The basic assumption 
of the theoretical derivations, i.e., that plane sec- 
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Fig. 22. Mild Steel Straight Beam with Rectangular Cross-Section Showing Strain Levels in a Field of Heterogeneous Yielding 


tions remain plane, can be considered to be valid 
only if the deformation is measured over a gage 
length sufficiently long to give a statistical average 
of the behavior. 


16. Peculiarities of Dead-Load Testing 

The results presented in Chapter IV for ma- 
terials which exhibited the heterogeneous yielding 
(discussed in Section 12) indicate that data from 
short-time tests corroborate the theoretical analysis 
outlined in Chapter II, while data obtained from 
dead-load tests may deviate appreciably from the 


theory. This deviation manifests itself in the form 
of two observable peculiarities: (a) an appreciable 
experimental reduction from the fully plastic load 
for members made of mild steel, and (b) time 
effects. The latter included a time delay for the 
initiation of inelastic deformation upon addition 
of a load increment after equilibrium was reached 
at a previous load and a prolonged period of in- 
elastic deformation at a given load. These two 
topics will be discussed in the following sections. 

a. Experimental Deviation from Fully Plastic 
Load. The fully plastic moment for each mild steel 
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Fig. 24. Tapered Mild Steel Tension Specimen Showing the 
Extent of Yielding at Various Dead Loads 


beam was calculated using the lower yield point 
stress as obtained from standard tension tests. Since 
the experimental hinge moment for each beam fel] 
below the fully plastic moment, it was reasoned that 
the lower yield point stress may be reduced by 
dead-load testing.* To investigate experimentally 


* Some investigations 7% 2 have shown that the magnitude of either 
the upper or lower yield point stress depends on the speed of testing 
Roderick and Phillipps® found that the lower yield point stresses for 
beams and tension specimens were equal if the strain rates in the 


two types of members were the same. 
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this line of reasoning, axially-loaded tension mem- 
bers were subjected to dead-load tests in the testing 
machine shown in Fig. 6. The contour and dimen- 
sions of these specimens are shown in Fig. 24. A 
tension specimen with a constant cross-section was 
not considered to be feasible for this test because 
the upper yield point stress must be exceeded be- 
fore the lower yield point stress can be measured. 
Once yielding starts in a specimen of constant 
cross-section, the yielding will spread over the full 
length of the specimen at the stress that initiated 
the yielding; this stress might be appreciably above 
the lower yield point stress for dead-load testing, 
thus invalidating the purpose of the tests. The 
tapered specimen was designed so that yielding 
would be initiated at the minimum cross-section 
at a stress above the lower yield point stress and 
then progress into regions of greater cross-sectional 
area at a lower stress level. Eventually yielding 
would stop at a section under the lower yield point 
stress associated with dead-load testing, and this 
value could then be computed. Furthermore, the 
same specimen could be used to obtain several 
values of the lower yield point stress. The angle of 
taper for the specimen shown in Fig. 24 was such 
that the maximum stress at any section did not 
differ from the stresses calculated by the formula 
P/a by more than 0.2 percent. 

Two such tapered specimens were tested in the 
dead-load machine. The first specimen was sub- 
jected to five test loads; the yield stresses at which 
yielding ceased for these loads were 28,400, 29,000, 
28,600, 28,900, and 28,400 lb/in.? The second speci- 
men was subjected to five test loads resulting in 
yield stresses of 27,700, 28,400, 28,000, 28,500, and 
28,500 Ib/in.? The average of 28,400 lb/in.? was 9.8 
percent below the yield point stresses of 31,500 
Ib/in.* as obtained from standard testing of tension 
specimens taken from the material adjacent to the 
test specimens. The latter value was obtained from 
Ix specimens with variations in yield point stress 
of less than 2.5 percent. 

Although the exact mechanism associated with 
the reduction in the lower yield point stress by 
dead-load testing is not known, a qualitative ex- 
planation will here be given. As soon as a Lueder’s 
band is formed in an elastic field, the boundaries 
of the band are limited and controlled by the mag- 
nitude of the stress level imposed by the external 
loads and by the internal resistance in the form 
of blocking mechanisms which the material may 
offer to further penetration of the band. These 
blocking mechanisms, as discussed in Appendix A, 
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produce levels of high bond energy between the 
atoms in the immediate neighborhood of the block. 
These atoms located in regions of inelastically de- 
formed material may no longer be in definite ex- 
tended space lattices but show a certain disorder. 
Since the place change of atoms in such quasi- 
random orientation is known to be more time-sensi- 
tive than in the ordered lattice, place change of 
atoms will take place if sufficient time is allowed 
and will result in a reduction of the high bond 
energy levels associated with the blocking mecha- 
nism. With a relief of the high energy bonds, the 
blocking mechanism is relaxed, allowing a spread 
of the plastic zone into an elastic region of smaller 
nominal stress. When the stress level at the front 
of the plastic zone has been sufficiently reduced, 
inelastic deformation will not proceed further. The 
stress level at which inelastic deformation finally 
ceases is defined as the lower yield point stress by 
dead-load testing. 

For the dead-load straight beam tests of mild 
steel, the above phenomenon can be used to explain 
the fact that the experimental hinge moment fell 
below the fully plastic moment. In mild steel beams 
the plastic regions appear as yield wedges. As soon 
as a wedge is formed, the stress distribution through 
the section at the wedges may be assumed to be 
similar to distribution OABC in Fig. 25. Stress 
level BC is the yield point stress as obtained from 
the standard tension test. As the load is maintained 
on the beam for a sufficient length of time, the 
blocking mechanisms along the sides of the wedge 
are relieved, thus allowing the wedge to broaden. 
This spreading continues until the stress level 
throughout the plastic zone reaches the yield point 

~stress associated with dead-load testing. In Fig. 25 
this stress level is shown by B’C. If the depth of 
penetration does not increase during this process, 
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the stress at A must increase to some value such as 
that represented by A” in order to maintain the 
resisting moment. This would result in a concen- 
tration of energy at the tip of the wedge, which 
would cause a deeper penetration to a depth such as 
A’B’. The resulting stress distribution O.4’B’C would 
provide an internal moment sufficient to balance the 
external moment. In most instances it was observed 
that the deepening of the wedge occurred simultane- 
ously with the broadening. At the hinge moment, 
when the wedges have penetrated close to the neu- 
tral axis, the catastrophic yielding results from 
either a broadening of the wedges, an initiation of 
new wedges or a combination of the two phenomena. 
The yield point computed from the experimental 
hinge moment was found to agree with the yield 
point determined from the dead-load tests of the 
tapered tension specimens. 

Unhke the straight beams, the test data shown 
in Figs. 18, 19, and 20 for the curved mild steel 
beams do not fall below the theoretical curves until 
large inelastic strains are reached. Due to the fact 
that curved beams have a steep strain gradient, the 
strains in the most strained fibers become extremely 
large before the depth of yielding is sufficient to 
produce the plastic hinge. For instance, the data 
shown in Fig. 18 for the curved beam of rectangular 
cross-section indicates that the strain in the most 
strained fiber was 4.5 times the elastic strain before 
the hinge was produced. In comparison, the increase 
in strain in the straight beam was only 2.2 times the 
elastic strain before the plastic hinge developed. 
The comparison between the theoretical fully 
plastic moment and the experimental hinge moment 
will be considered only for the curved beam of 
rectangular cross-section since it is the only curved 
beam for which sufficient data was obtained. The 
plastic hinge was found to occur at an M/M, ratio 


Fig. 25. Schematic Diagram of a Beam Depicting Growth of Yield Wedges 
with Time and the Accompanying Changes in Stress Distribution 
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Fig. 26. Typical Constant Load Time-Deformation Diagrams 
for Mild Steel, Rail Steel, and Aluminum 
Alloy 25-ST Straight Rectangular Beams 


of 2.36 as compared to 2.60 for the theoretical fully 
plastic moment; this is a reduction of 9.2 percent 
which is about the same reduction as that found for 
the straight beams and the tapered tension speci- 
mens. 

b. Time Effects. Two other peculiarities of 
dead-load testing are: (1) the time delay in the 
initiation of inelastic deformation at a given load, 
and (2) the duration of inelastic deformation at 
any given load. A measurable delay was observed 
only in the tests of the mild steel members. Typical 
time-deformation diagrams are shown in Fig. 26 
for the mild steel, rail steel, and aluminum alloy 
beams of rectangular cross-section. The curve for 
the mild steel beam was obtained for the last load 
increment corresponding to the last stair level 
shown in Fig. 14. Although the load represented in 
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Fig. 26 by an M/M, ratio of 1.33 was the load 
corresponding to the hinge moment, inelastic de- 
formation did not begin at this load until after 30 
min had elapsed. Similar time delays were observed 
for the other two mild steel straight beams, the mild 
steel curved beams, and the mild steel tension 
specimens. In the tension specimens, time delays of 
as much as 5 or 6 hr were observed before inelastic 
straining started at some of the load increments. 
The time delay of inelastic deformation in mild 
steel members depends among other things upon 
the magnitude of the increase in stress caused by 
the increment of load. The time delay has been 
observed for increases in stress of 1000 to 1800 
lb/in.2, while other tests indicate that the time 
delay was eliminated when the increase in stress 
was 3000 |b/in.?. 

The curves shown in Fig. 26 for the rail steel 
and aluminum alloy beams do not indicate any 
measurable time delay for initiation of yielding. 
However the similarity of shape of the curves for 
the mild steel and rail steel suggests that an ex- 
tremely short delay might be expected. Inelastic 
deformation in the rail steel and aluminum alloy 
beams continued for a long time before ceasing at 
a given load; the time required for the rail steel 
was approximately the same as for the mild steel, 
but the time was much shorter for the aluminum 
beam to reach a state of equilibrium. The inelastic 
action in the aluminum alloy was appreciably dif- 
ferent from that of the steels. When the load incre- 
ment was added to the rail steel beam, the deforma- 
tion proceeded slowly for a while, then speeded up, 
and finally slowed down again and ceased. For the 
aluminum alloy beam, when the increment was 
applied, deformation started at a rapid rate, slowed 
down, and practically ceased in a period of time 
which was short in comparison with the steel. 


VI. SUMMARY AND CONCLUSIONS 


17. Summary 

The theoretical load-deformation relations, which 
have been developed for ductile members subjected 
to loads which cause inelastic deformation in gen- 
eral, do not include the effect of time on the inelastic 
behavior. Most of the tests which have been con- 
ducted to verify the theory have also neglected time 
effects. 

The purpose of this study was to investigate the 
time effects associated with dead-load testing of 
steel and aluminum members. In the inelastic range, 
each load was maintained until inelastic deforma- 
tion ceased at that load. The test members included 
four straight mild steel beams of various cross- 
sections, three curved mild steel beams of various 
cross-sections, one straight rail steel (0.8 percent 
carbon) rectangular beam, and one straight alum- 
inum alloy 24S-T rectangular beam. In most cases 
test results are also presented for beams subjected 
to short-time tests, 1.e., tests conducted in screw- or 
hydraulie-powered testing machines. A comparison 
was made between the test data for the dead-load 
tests, the test data for the short-time tests, and the 
theoretical relations. 


18. Conclusions 

1. The moment-strain and moment-deflection 
diagrams for the beams subjected to dead-load 
testing were found to be discontinuous rather than 
-smooth curves such as those found for short-time 
testing. The diagrams for the dead-load testing 
were found to have a stair-step form. 

2. For the straight mild steel beams, the experi- 
mental moment-strain and moment-deflection dia- 
erams for dead-load testing were found to le below 
the theoretical curves that were based on the con- 
ventional tension and compression stress-strain 
diagrams. This phenomenon is attributed to non- 
homogeneous yielding as characterized by Lueder’s 
bands. Similar data for short-time testing of 
straight mild steel beams were found to check the 
theory based on homogeneous yielding in the mem- 
ber. The experimental moment-deformation dia- 
erams for the rail steel beam and aluminum alloy 
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245-T beams were found to be located on or above 
the theoretical curves; this was attributed to the 
fact that rail steel and aluminum yields in a more 
homogeneous manner and does not exhibit Lueder’s 
bands. 

3. Special mild steel tapered tension specimens 
were also subjected to dead-load testing to deter- 
mine whether the reduction in strength in the beams 
was due primarily to the state of stress or to the 
fact that the lower yield point stress of the ma- 
terial is decreased for members subjected to dead- 
load testing. The yield stress for the specimens sub- 
jected to dead-load testing was 9.8 percent below 
that obtained from specimens subjected to standard 
testing techniques. 

4. The experimental plastic hinge moments for 
the three straight mild steel beams fell below the 
theoretical fully plastic moments by percentages 
of 12.0, 8.8, and 8.2. Thus the yield point stresses, 
computed from the beams subjected to dead-load 
testing, were 12.0, 8.8, and 8.2 percent below the 
values obtained from standard tension tests. 

5. The mild steel curved beam of rectangular 
cross-section indicated that the yield point was 9.2 
percent lower than the value obtained from stand- 
ard tension tests. 

6. From the test results for several types of 
members made from several mild steels, it may be 
concluded that the lower yield point. stress 
reduced about 9 percent when the member is sub- 
jected to dead loads. 

7. When a load which has produced inelastic 
deformation is maintained on a mild steel member 
until inelastic deformation the material 
builds up a resistance to immediate inelastic de- 
formation when a small increment of load is added. 
For increments of load which produced an increase 
of stress of 1000 to 1800 Ib/in.? in the most strained 
fibers, inelastic deformation was delayed as much 
as 30 min in the beam tests. In contrast to the 
mild steel members, delays for the initiation of 
inelastic deformation in the rail steel and aluminum 
alloy beams might have been present but were not 
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ceases, 
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observable by the methods utilized in these experi- 
ments. 

8. For the steel beams, the major portion of the 
inelastic deformation at a given load occurred in a 
period of less than 6 hr. In some cases the inelastic 
deformation continued for several times this period. 
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9. The load-deformation behavior of the rail 
steel was found to be more stable than the mild 
steel; the aluminum alloy beam was also found to 
be reasonably stable under dead loads. This may 
be attributed to the strain-hardening characteristics 
and the quasi-homogeneous yielding of the material. 


APPENDIX A: QUALITATIVE ANALYSIS OF THE NON-HOMOGENEOUS TIME- 
SENSITIVE INELASTIC BEHAVIOR OF METALS 


The analysis of the inelastic bending of beams 
presented in this bulletin is based on an idealiza- 
tion of the material behavior. The material is 
assumed to be isotropic and homogeneous and to 
obey the stress-strain law illustrated in Fig. 1. The 
data, photographs (see Fig. 27), and discussion 
pertaining to time-sensitive behavior and Lueder’s 
bands provide convincing evidence that the ma- 
terial behavior is neither homogeneous nor iso- 
tropic; hence, the idealized stress-strain law is only 
approximate. 

A general approach to the problem of inelastic 
behavior of materials has been suggested by Freud- 
enthal.°*’ The inelastic behavior on the macro- 
scopic level of association of matter is made up of 
the behavior and interaction of the constituent 
parts on lower levels of association. That is, under 
a microscope (see Fig. 28) it may be observed that 
metals are composed of many grains which deform 
inelastically by a non-homogeneous process known 
as slip. On the atomic level of association this in- 
elastic deformation is observable only indirectly by 
X rays. Time- and temperature-sensitive behavior 
is the result of the transfer of the 
energy possessed by atoms on the atomic level of 


various forms of 


association. This interaction between atoms makes 
up the behavior of the grains and grain boundaries 
on the microscopic level. 

The discussion that follows is 
sections dealing with behavior on the atomic level 
and behavior on the microscopic level of association 
of matter. Many investigators studying the various 
_phases of the problem for a number of years have 
accumulated a vast amount of knowledge; conse- 
quently, only those aspects which are directly re- 
lated to the present problem of non-homogeneous 
time-sensitive inelastic behavior of metals will be 


divided into two 


discussed. 


19. Behavior of Metals on the Atomic Level of 
Association 
a. Interatomic Forces and Potential Energy. For 
the present discussion the atom will be the smallest 
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unit of matter considered. The structure of the 
atom, that is the nucleus and the surrounding shells 
of electrons, will not be considered except as their 
electromagnetic properties create attractive and 
repulsive forces between atoms. Because of the 
nature of these forces,?° atoms of a given ma- 
terial possess an equilibrium spacing where the 
resultant interatomic force is zero. For spacings 
closer than the equilibrium spacing, atoms repel 
one another; similarly for spacings greater than 
equilibrium, atoms attract one another. When 
many atoms of a given metal are brought together, 
they form a crystalline material containing uni- 
formly spaced planes of atoms all held in position 
by the interatomic forces of the surrounding atoms 
(see Fig. 29).* The displacement of any atom from 
its equilibrium position sets up a restorative force 
which tends to return the atom to its equilibrium 
position. This equilibrium position represents a 
position of lowest potential energy; any displace- 
ment from this position places an atom in a higher 
potential energy state. 

b. Thermal Energy. In addition to potential 
energy, the atoms possess thermal energy which 
manifests itself primarily as vibrations of the 
atoms in the form of kinetic energy. The atoms 
oscillate about their equilibrium positions with 
amplitudes that depend upon the amount of thermal 
energy possessed by the individual atoms. The sum 
of the kinetic energies of all atoms determines the 
heat content of a body. At all temperatures above 
absolute zero, the atoms possess thermal energy 
and are in constant motion. 

The internal forces of a body which resist de- 
formation due to the application of external loads 
are the interatomic binding forces. Inelastic defor- 
mation oecurs whenever groups of atoms change 
place to neighboring positions of lower potential 
energy after having been displaced to positions of 
high potential energy due to an applied stress. The 


*In Fig. 29 the atomie structure is represented schematically by a 
bubble model. The nucleus of the atom is assumed to be located at 
the center of the bubble, and the elastic surface simulates the inter- 


atomic forces. 
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Fig. 27. Inelastically Deformed Mild Steel Beam Exhibiting Lueder’s Bands 


5 a 


ie oe we } 
Courtesy of the Institute o 


Ea 


f Metals (London) 


Fig. 28. Inelastically Deformed Iron Exhibiting Slip Bands in the Grains 


role of the thermal oscillations of particles in the 
process of inelastic deformation becomes clear 
when it is realized that the energy at which an 
atom is able to overcome the potential energy 
barrier and change place to a new position of lower 
energy is made up of the sum of the strain energy 
due to external loads and kinetic 
thermal oscillations. 

To know more specifically what contribution 
thermal oscillations may make to inelastie defor- 


energy due to 


mation, it is necessary to consider the distribution 
of thermal energy to the atoms. At ordinary temper- 
atures all of the atoms possess thermal energy 
which is constantly exchanged between the atoms 
as a result of the atomic interaction forces. At any 
particular moment a certain number of atoms 
possess larger amounts of thermal energy than 
others. Treatment of this problem by the methods 
of statistical mechanies®* indicates that, under 
certain idealizations of the behavior, an exponential 
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distribution of energy among a group of particles is 
the most probable or equilibrium distribution, From 
quantum mechanics®*) it is known that atoms may 
possess only discrete amounts of energy; conse- 
quently, only discrete amounts may be transferred 
from one atom to another..The exponential dis- 
tribution of thermal energy to a group of particles 
is illustrated schematically in Fig. 30. The levels 
€o, €1, €, ete. represent the possible energy levels, 
and the length of the horizontal lines represents the 
number of atoms possessing this amount of thermal 
energy. The probability that an atom possesses an 
amount of thermal energy e, 
equation of the form 


is thus given by an 


ec Cena (11) 
where p is the desired probability, c may be con- 
sidered to be a constant, k is Boltzmann’s constant, 
and T is the absolute temperature. The units of the 
product kT are energy per particle. It can be seen 
from Fig. 30 that a small number of atoms possess 
sufficient energy to make a considerable contribu- 
tion to the energy required for place change of 
particles. However, the majority of the atoms are 
situated in the lower energy levels. At room temper- 
ature the thermal energy of the majority of the 
atoms amounts to only a fraction of the energy 
required for the place change of particles. At this 
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Fig. 29. Bragg's Soap Bubble Model of Atomic 
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Thermal Energy Levels 


Number of Particles in Each Energy Level 


Fig. 30. Most Probable Distribution of Thermal 
Energy among a Large Group of Particles 


temperature the influence of thermal oscillations on 
inelastic deformation is therefore less pronounced 
unless the applied stress approaches the yield stress 
of the material. 

c. Inelastic Deformation. With these ideas as 
background, it is necessary to consider in more 
detail the process of slip, that is, a shear displace- 
ment that appears to consist of the place change of 
one whole plane of atoms with respect to the adjoin- 
ing plane. Theoretical considerations indicate that 
the external stress required to simultaneously move 
one plane of atoms with respect to another would 
require a stress of the order of magnitude of 0.1 
of the shear modulus of elasticity.°* °° This is 
from two to three orders of magnitude higher than 
the observed elastic strength of most pure metals. 
As previously mentioned, there are too few atoms 
in sufficiently high thermal energy levels to make 
up the difference. Thus some other mechanism must 
account for the observed low yield stress. At present 
the most successful theories assume various forms 


(255, 295) ou) 


of defects in the perfect atomic lattice, as 
is illustrated in Fig. 29. An extra half plane of 
atoms is one of the simplest types of defects that 
will account for the difference between the theo- 
retical and observed elastic strength.@") This defect, 
ealled a dislocation (see Fig. 29c), allows the place 
change of one row of atoms at a time, thus con- 
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siderably reducing the external force required to 
induce slip. The influence of thermal oscillations 1s 
still operative on the atoms in the vicinity of the 
lattice defects, so a temperature dependence is to 
be expected. ?% The presence of flaws in the 
crystal lattice has been substantiated by X ray 
photographs and recently dislocations (screw-type) 
have been observed in photomicrographs of crystal 
growth. &” 

Finally, it is necessary to consider the possible 
influence of alloying elements upon inelastic de- 
formation. For reasons of brevity, this discussion 
will be limited to a consideration of the interstitial 
atoms of carbon and nitrogen encountered in all low 
carbon steels. It has been demonstrated experi- 
mentally that the yield point and time delay for 
initiation of large amounts of inelastic deformation 
are reduced or eliminated by the removal of the 
carbon and nitrogen.” ** 34) A widely accepted ex- 
planation of this phenomenon is that the smaller 
carbon and nitrogen atoms diffuse to strategic posi- 
tions in the lattice and tend to lock or key the slip 
planes.@* 3° One theory formulated by Cottrell 
88, 39) and based on the dislocation theory suggests 
that the carbon and nitrogen atoms diffuse to the 
larger holes on the tension side of a dislocation 
where they fit somewhat better than in the perfectly 
ordered lattice. To move the dislocation and pro- 
duce inelastic deformation requires either (1) a 
delay time while the carbon or nitrogen atoms 
diffuse away from the dislocation to a new site of 
low energy, or (2) a stress sufficiently high to over- 
come the restraining force on the dislocation due 
to the presence of the carbon or nitrogen particle. 
This type of mechanism offers a possible explana- 
tion for the upper yield point phenomenon and the 
avalanche type of inelastic deformation observed 
with the formation of Lueder’s bands. Several of 
these topics will be discussed further in the next 
section. 


20. Behavior of Metals on the Microscopic Level of 
Association 


On the microscopic level the grains and grain 
boundaries constitute the structural units whose 
behavior is to be considered. The grains are made 
up of atoms arranged in a nearly ordered atomic 
lattice as previously described. However all of the 
grains contain lattice defects which presumably are 
responsible for the initiation of inelastic deforma- 
tion. The grain boundaries are probably not true 
entities in themselves but form a transition layer 
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from the ordered structure of one grain to an ad- 
joining grain of different orientation.“ As a 
transition layer, the grain boundary is made up of 
atoms arranged in a somewhat unordered pattern. 
It is the behavior of the individual grains of vari- 
ous orientations modified by their mutual inter- 
action through the grain boundaries that is 
responsible for the non-homogeneous inelastic time- 
sensitive behavior observed on the macroscopic 
level. 

a. Single Crystals. It is well established that 
the elastic strength and stiffness of single crystals 
(large grains) depends upon the relative orienta- 
tion of the crystal with respect to the applied stress. 
Briefly, it has been found that slip bands generally 
occur on atomic planes of greatest density and in a 
direction parallel to the most dense row of atoms.“” 
In metals whose atomic structure is symmetrical, 
slip may occur on several planes of equal maximum 
density. In this case the operative slip system is 
determined by the system sustaining the highest 
resolved shearing stress. 

b. Grain Boundaries. Qualitatively the un- 
ordered grain boundaries exhibit a quasi-viscous 
behavior. “*? #) The atoms making up the grain 
boundary are in higher, less stable potential energy 
states than the atoms in the ordered grains. Thus 
these regions are considerably more sensitive to 
time and temperature effects than are the grains. 
A rather successful quantitative treatment of the 
energy of grain boundaries has been obtained by 
describing the boundaries as an ordered structure 
containing a high density of dislocations. 

The unordered grain boundaries, viewed as a 
region containing a high density of dislocations, 
contain many spaces between atoms on the tension 
side of the dislocations which are larger than 
normal. These spaces form ideal positions for alloy- 
ing or impurity atoms to collect. In steel, for ex- 
ample, many of the carbon and nitrogen atoms 
presumably collect around dislocations in the grain 
boundaries as well as those within the erains, 9) 

c. Interaction between Grains. Inelastic defor- 
mation of a polyerystalline aggregate is complicated 
by the fact that the grains of various orientations 
are interconnected through the grain boundaries.” 
The formation of a slip band in one grain tends to 
create a discontinuity or hole when it reaches a 
grain boundary. A neighboring grain of different 
orientation cannot slip to conform identically to the 
changing shape of the first grain, and consequently 


Bul. 426. INELASTIC BEHAVIOR OF DUCTILE MEMBERS UNDER DEAD LOADING 


the neighboring grain tends to restrain further 
propagation of the slip band in the first grain.“* 4% 
*) High local stresses are induced in the region 
of the intersection of the slip band with the grain 
boundary." *” These stresses are gradually relaxed 
by the place change of particles in this region al- 
lowing the slp band to progress further. The local 
disturbance (high stress) created at the grain 
boundary probably also contributes to the forma- 
tion of slip bands in the neighboring grains. 

In steel, the presence of those carbon and nitro- 
gen atoms around dislocations in the grains and 
grain boundaries influences the initiation of in- 
elastic deformation. Inelastic deformation com- 
mences when the applied stress is sufficiently high 
to move some of the locked dislocations within the 
grains (see Section 23). The grain boundaries 
normally tend to restrain dislocations from moving 
from one grain into surrounding grains. The pres- 
ence of carbon and nitrogen appears to increase the 
restraint offered by grain boundaries. Extensive 
inelastic deformation apparently is initiated when 
the restraint of the grain boundaries is overcome 
or relaxed and slip bands spread or initiate in sur- 
rounding grains.“ # This process of spreading 
inelastic deformation appears to explain qualita- 
tively the origin of Lueder’s bands. Once started, 
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this process (yielding) proceeds at a somewhat 
lower stress, the lower yield point, than the stress 
required to initiate it, the upper yield point. 

The time delay for the initiation of inelastic 
deformation at stresses below the upper yield point 
appears to be attributable to the time required for 
the breakdown of the restraint of the grain 
boundaries at regions of severe local disturb- 
ances. °% 258) When inelastic deformation in the 
form of Lueder’s bands has previously occurred and 
stopped after a period of time, as in the experiments 
reported in this bulletin, another time delay is ob- 
served when another increment of load is added. 
The cause of this and subsequent time delays with 
each load increment may be attributed to aging.@* 
The carbon and nitrogen atoms presumably diffuse 
to the larger-than-normal holes around isolated 
dislocations, to newly formed slip bands in the 
grains, and to the grain boundaries. This action 
stabilizes the regions so that they again tend to 
restrain the spreading of slip bands from one grain 
to another. 

This discussion is intended as an introduction to 
some of the ideas upon which a comprehensive 
theory may be eventually based. The list of refer- 
ences is included to serve as a guide to a more 
extensive study of this subject. 


APPENDIX B: MOMENT-STRAIN RELATIONS FOR CURVED BEAMS 


21. Derivation of the Moment-Strain Relation for a 
Curved Beam of Rectangular Cross-Section 


The derivation that follows is based on the as- 
sumptions stated in Chapter II, Section 5. The 
method of approach used is the same as there 
stated; namely, applying the basic equations of 
equilibrium to a free body diagram of a section of 
the loaded beam. For this purpose Fig. 3la shows 
a curved beam loaded in pure bending and Fig. 31b 
shows a cut section of the beam with the forces, 
internal and external, acting as marked. By apply- 
ing the equations of equilibrium to this cut-section, 
the following expressions are obtained. 


[o da = 0* (12) 


[oe da) y = M (13) 
It can be seen that these expressions contain sum- 
mations of the resisting forces acting on differential 
areas over the cut-section and hence cannot be 
solved until a stress distribution is found that 
applies for the surface. 

The strain distribution for the section is de- 
termined by making use of the assumption that 
plane sections before bending remain plane after 
bending; the stress distribution follows from the 
assumption that the fibers in the beam react in a 
manner similar to those in the conventional tension 
or compression test in regard to their stress-strain 
relationships. A study of Fig. 1 will show that these 
stress-strain relations can be expressed mathemati- 
cally as follows. 


¢ = Ke (14) 
in the elastic range and 
o = (1 —a) Fe. + ake (15) 


in the inelastic range. 
To facilitate the development of the relation 
among the external loading, the stress distribution, 


*Tf direct loading is used instead of pure bending, this summation 
would then be written {oda = P 


and the geometry and dimensions of the beam, part 
ABB,A, of the beam shown in Fig. 31a is enlarged 
in Fig. 32. Section AB for purpose of analysis is 
considered as being fixed and therefore all move- 
ment due to the bending loads oecurs on section 
A,B,. The original angle between sections AB and 
A,B, is taken as d6, and after application of 
the bending moment section A,B, rotates through 
a small angle Adé about the current neutral axis of 
the beam. 

Making use of Fig. 32, it can be seen that the 
original length of a fiber say PP, is 


[= PPy'= (Rasy) 0 (16) 
while the total strain in the same fiber is 
e= PiPy = % (486) (17) 


The unit strain in the fiber is then given by the 
following expression 

Cid; y (A dé) 
Ll (Rna + y) dé 


Denoting the ratio of Ad@/d@ by w and solving 
this equation for y gives 


(18) 


€ = 


Rinat 
UC ok a (19) 
Differentiating with respect to € gives 
Ryraw de 
d = na 
foe Rea (20) 


The differential area over which the strain in Eq. 
18 oceurs then is 

bRraw de 
(w = €)e 
The unknown quantities in the equilibrium equa- 
tions have been solved for in terms of the dimen- 
sions and geometry of deformation of the beam and 
the geometry of the idealized stress-strain diagram. 
Equation 12, used to locate the position of the 
neutral axis at any arbitrary amount of inelastic 
strain in the fibers at the intrados, will now be set 
up assuming that yielding is confined to the in- 


da = bdy = 


(21) 
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Equation 13, used to determine the resisting mo- 
ment over the cross-section at any arbitrary amount 
of inelastic strain at the intrados, when set up ina 
similar manner gives 


| “oly dy + 


Cy 


i eoyh dyin (23) 


By substituting Eqs. 14, 15, 19, and 20 into Eqs. 
22 and 23, the variables may be reduced to terms 
of «. By letting e, correspond to the strain at the 
distance c, from the neutral axis (see Fig. 32), 
correspond to the strain at c,, the elastic boundary, 


Q and e, correspond to cs, the limits of integration are 
M. a also reduced to terms of «. The equilibrium equa- 
Ce tions, after these transformations and substitutions 
4 are made, become 
a= "00a F 
= w de 
= el — a) He, + aHel ae 
Ee | J (w — e) 
—_— €y 
B 
pa €5 
eae, RebRaw de 
Fig. 31. Rectangular Curved Beam Showing Dimensions, Pure Sow GR. Sao 0 (24) 
Bending Loading, and Free Body Diagram of a Cut Section (w — €) 
& 
trados.* Denoting the distance from the neutral : 
. . . . . ic 2 
axis to the boundary of the inelastic or yielded la ahr on ra bRyddwe de 
im . . e a 3 
material as c,, the integral terms are as follows: | how (ewe) 
oe, 
Cg Co 
/ ob dy + i ob dy = 0 (22) 
a hd EBebR yw de M (25) 
*Tf yielding starts at the extrados as well, a new derivation is needed + ( e 3 
to include the presence of the double boundary between elastic and (6) € 
inelastic zones. Equation 36 will simplify to this case. oe 
O Center of Curvature 
ia am = S Pe @ 
lifer Png Rr, fe 
Elastic Neutral Surface ~ - } 
/ 
a g 
Neutral Surface 6 rk 1 
i 
; uf 
G; 
a t G 
& Y Y 


Fig. 32. Enlarged Cut-Away Portion of Rectangular Curved Beam 
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From an observation of Figs. 31 and 32 along with Eq. 18, the following relations can be established: 


—< BES pa be Ry C2 26 
se Ry €2 C1 €1 R3 ( ) 
If the ratios of c:/Ri and ¢/R» are denoted by m and nz respectively 
N2 
€& = —nNo == Na el (27) 


Using these equations with the symbol ) for the strain ratio of e:/ee, the equilibrium equations, upon 
integration and simplification, become 


Fee 
ORs fa Sy) No 1 — m% vt 98 
Vat ier sceatmimsacm | we eee 28 
d 
1 
she 53) 1 RPGS 
EboRn2d (1 — a) Fe ae 
2) (Ito eer oaed 2) 
Ny ny 
US ee Lickers 
oN 3N” — 2Ne oN = 2 
ee ee 5 eee { if (29) 


The dimensionless moment-strain relation can be obtained by dividing Eq. 29 by the expression that 
results when \ in Eq. 29 is set equal to unity. The result is as follows: 


1 1 
M _ Ryder! iP » Tees 1 oes 
i D / r / _ yee oe a = 
ce lpia) 8 oe) an (1 + ~~) iis FAS 2(1-—-) 
ny ny ny 
wus m1 
ate a i ae Bia! = Amy ae PES } 
Len 2 (1 — n)? :: 1 — No J (30) 


Eqs. 28 and 30 are the two general expressions needed to solve for the moment ratio M/M, at a par- 
ticular strain ratio e/e. when yielding is confined to the intrados of the rectangular beam. Eq. 30 
cannot be evaluated until the neutral axis corresponding to a particular value of the strain ratio is 
located using Eq. 28. However in Eq. 28 the value of mn cannot be solved for explicity; therefore a 
trial and error method suggests itself. Since the neutral axis for the elastic condition is easily com- 
puted, two or three judiciously chosen trials will usually yield the correct position of the neutral axis 
for the inelastic conditions chosen. The solution of these equations as written contain the addition 
and subtraction of small quantities, and therefore it is necessary to maintain an accuracy of at least 
four places in all calculations. 

It should be realized that the preceding expressions are applicable for beams composed of materials 
exhibiting strain-hardening characteristics. As stated in Section 8, Eq. 9 gives a simpler method for 
determining an approximate value of the moment ratio which is sufficiently accurate for most purposes. 
It is not exact, however, since the neutral axis shifts as yielding progresses through the beam. 


22. Dimensionless Moment-Strain Relations for Curved Beams Having Cross-Sections Made up of 
Rectangular Elements 


Derivations similar to the one for the rectangular cross-section have been made for eross-sectione 
made up of rectangular elements, for example, the I- and T-cross-sections. The results of these will es 
listed for the restricted condition of a hon-strain-hardening material since the method outlined in 
Section 9 is available for approximate solutions of other conditions. When changes occur in the width 
of the cross-section, several different cases must be considered for the progress of yielding through 


= 
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the member. For instance, in an I-section beam, the following are some of the possibilities for the 
progress of yielding: (1) yielding confined to the inner flange, (2) yielding occurring within the inner 
flange and also starting in the outer flange, (3) yielding progressing throughout the inner flange into 
the web with yielding also starting to occur in the outer flange. 

It is apparent then that a group of neutral axis and bending moment equations are necessary to 
completely cover the inelastic bending of a member made up of rectangular elements. The solutions 
for six of the most probable cases have been obtained and the results are given. The I-section is used as 
the example, but imagination will disclose many other cross-sections to which the results apply. In 
the equations that follow, the definition of most of the terms can be obtained from a reference to Fig. 33. 
Others involved are defined as follows: 
A =cross- €1 


A ; Cy 
: = y= 
sectional area ee PeneeR: 


2 ra a ee esas 
— Lae m4 R, (31) 


CASE I. Yielding confined to the inner flange only. 
Neutral Axis Equation 


1 Ny No 
By eet ere fy: (Geerb,) ind ea) 
| asl ke ah ( N )| [3 + 1 | 


Ny 
N3 in Ne oar - 39 
tbe Be) ers +In (1 ns) | of bs | earn ns) | 0 (32) 
Moment-Strain Equation 
1 
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Fig. 33. Sketch of an I-Section Curved Beam 
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CASE II. Yielding occurring throughout the inner flange and progressing on into the web. 


= 


Neutral Axis Equation 


a! | K-]- e-toc 53) 


N4 


+ (bs ba) [ : = = ns) | + b; eee eine hes ns) | ==) (34) 


Wh = We 
Moment-Strain Equation 


1 ~ 
at (OFA 
M Rra dCi’ b, ( a nN ) a (by _ by) 2N» ae 1 
ee D / 2 2 
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nN ny 


1 Ny 3N3” = 2Nn3 
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Ny 
314 = 214 } 
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CASE III. Yielding occurring throughout the inner flange and progressing into the web and also 
occurring within the outer flange. 
Neutral Axis Equation 


| ae (bi | te [mm ¢ ee) 


N41 
n SS Ny, 
-f (bs bs) 1 = hs of In el = %y + bs E a a In G == 9 | = 0 (36) 


Moment-Strain Equation 


: 1 
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M. (R Fi Tea) A Cy il 2 (b; 2; d 
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CASE IV. Yielding oceurring within the inner flange and also starting in the outer flange. 
Neutral Axis Equation 
1 Ny Ng . 
| by [eae Sdn G at ») thet ae aaah zl 
i aa 
ny 
a3 
Ng Ne mM | e, 
of (by ml = ns ; In qd a | 4 bs femnee + In (1 =) = (0) (38) 
Moment-Strain Equation 
il 
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ny ny 
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1 1 — 27 n 
Ss Oi ns) | Os ee x : In (1 = ee) (39) 
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CASE VY. Yielding occurring within the inner flange and also occurring throughout the outer flange 
and progressing into the web. ; 
Neutral Axis Equation 


pes Sn = Min (1+)]-@- [5 ioe = ie 2 
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Moment-Strain Equation 
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CASE VI. Yielding progressing throughout both flanges and starting into the web from both sides. 


Neutral Axis Equation 
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